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PDEs
,

Farmonic Analysis,
Geometric Measure

Theory are fun-

you are
allowed to

draw pictures and
it helps !
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Harmonic measure w" with a pole x-2 of a subset A of the boundary
Je is the probability that a Bronnian particle, starting

from x
,
will

hit the boundary dis
for the first time inside A.

at each moment
,
the particle

decides in which direction
to go

A
D

all directions are equiprobable· -·· X
~
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③ How to understand what does this measure look like ?-
harmonic measure

=> we can try to compare
o with a measure we know well

N

the natural measure on the boundary
A

Let's see a couple of examples of
how if compares :

the pole is
· usi - the center

X o

= wYF) ~S(F)
l

->--F face F proportionalTorze)cube

- the pole is
· 13 ·

Y somewhere· else ->>
still

, wE(R)-S(F) !
- X

same
abe
---F

same face
and wewi

so write W not wX
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③ 13 a pole
& - somewhere

w(F) -S(k)
8 intuitively dearS I

parallelepiped ----- and even w(p) ~S(P)
-face face is intuitively clear

· R same story with
a cube

& a rectangle ·A
on even

A
mus rural

a circle·
A

here, if you
don't trust your intuition , you can
- me

- prive" that of A-z of the
circle wwz

- same for any
interval of length En In

-apply the phisosophy
if the for diadic interals>trumfrsonable set" ,eg. A
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same story fora-compact det and a pole fararay
·- poleat

A
-a line

mis

· same for small perturbations
of protucoma: J

· same
if your boundary is a schitz uschitz functionfa

Det if 7 C :
sameintit- 1f(x) - fly1 = (x-y)

-
can look quite bad !
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① So
,
since even for quite gly one-dimensional boundaries

w(A) ~X(A) ~ f(A) in 13
is it true for all one dimensional boundaries ?

well
,
no : the standard) four-comer Cantor set

is a one counterexample

some philosophy : counterexamples help
to uncover

-

the correct general pattern

by now it is known (in any
dimension !

that the behaviour of the harmonic measure

w()~(*) actually characterizes
the geometry of the boundarytot
thanks to counterexamples like

this



⑪ L et the Istandard four-corner) Cantor set

-length -
-

· 111 · in the corners of

-I - - the square
from Step 0

- -
-> -

- build squares
of

-

-

- -

-

siclength = 14
setko sette 111II · erase, the rest

step o step 1

si 11 vill repeat step 1E

# Fi75-

- - for thesquares
- - ->
- -

-we got at step * S

-
-

-

- IlL ~ML
E = E E

setK2 var/1)(Im
kz ↑ Kstep 2 n= 0

N
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,
damBig e

= d-Hausdorff measure HP (K)-Bi
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-

dim 8000000000000
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& (k) S ↓ as
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⑤ But in what sense this object is one dimensional ?

(Hausdorft) dimension of K = d
= supdto : him int/diam (Bi) ,K =VBi , diamBise]-530 i

= d-Hausdorff measure HP (K)
to for the Cartor set K,

-dim 4
* (k) - 4"(n) to

d
->

< c and so as soon as
d = /

a sethe fixed -
bons like this for any

set
H' measure = probability incasse
that equidistributes mars over in

squares at the
construction step n



⑥ So we want to prove
that

,
on K

,
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⑥ So we want to prove
that

,
on K

,
w is not comparable toot

-> the port is due to Athanasios
Batahis

,
mid sont works in

2

(PhL Université Paris-Sud-Orsay 1997)
->

on 12 , earlier proots use Complex Analysis
+ Dynamics

The main idea of
the proof :

- step3
imagine

·gen t t certainly
convinces

the particle starts
from for away you more

moving that
from K

pink cubes
-Cremember w wwH] t E are more

= -attended
"

than the
Cor : the masure w doesnot distribute itself uniformly yellow ones



·tdansles grandesLignesh of the construction 1

Lv := (En(w() -111)
"*

I
,

for some -o
-

sidelength" of S = -k
·Observe: 21(1)"-[w(s) = 1

John JoLk

· suppor < EU , H (suppul - Ef(s)1-
<

16En 1 suppe

· Imagine we prove ! I 20 and
bril such that Lim EW( = o

is JeLni
·This implies : H /support ~291D" -E11)"I

tren suppe Johni

· So
,
H'(suppu) = 0 and w cannot be comparable to of
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⑧ (the main geometrie Lemma)
-> NEN independent of n the step in the construction)

and

a place in the construction a cube I En such thatI
# ISEn A JE EntNiMI , a child

ofI of generation Mis

with the propertyw(d)
-- I 1 -

The

intuition · t t
- - after a couple of iterations &8choose any place

in the
we see that there

construction are cabes with are
harder to reach

· · t t
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⑨ We need to find brib . ni : = 3N1 . : (probs ni = 2N.i ison)

↓2 (Canchy - Schwartz inequality quantified)
Ep11 : 2xo and If En i

we have

2 w(l)"21(1) = B
nin-niw(II)

JEninMI

flS] = 4
-Mit f(l) = q

-ni

believable : · for ezo this is almost Candyr Schwartz : '
take Xi = w()

*

yi = +(5)
" Exig &Exi2)(Ey)

· plus we know that in CS ift Xizconst , yoacoust
12

· for 20
,
G-S gets us Zw(15) 2 w(l) & ess)

+

a)
a

&eco)i) -miss(
+)

. 4
Dix-hi(

112
- Nin .E-Ni

!

inte
S

-

= 4 2 < 4



⑩ Finishing the proof F
V defined already

Recall trot we need 7250
,
Shil : /im [w(s) = 0,

i++ JALni
Lui = bJtEni(w(s)-1(5) y

& wit] = [w(w() Ew(
*
1(5)* -2 =

Ani Johns Je Enj

niE

2
parc [w(s)

*((s) Pw-nitzw(* (6
JeEni 2 teEni

after iterating, get [w(t)& (p)
ni

& Lui

Choose 20 small : 41 , we
have C (4%)"



Thank you
for your

attention !


