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Why Hydrauli
 Energy ?

"More than 95% of Norwegian produ
tion


omes from hydro plants."

Stein-Erik Fleten et Stein W Walla
e. �Delta-hedging a

hydropower plant using sto
hasti
 programming�. In : Optimization

in the energy industry. 2009
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Hydro Valleys

Reservoirs : natural/arti�
ial

water basins,

Turbines : produ
e power by

using the water's potential

energy,

Pumps : transfer water ba
k to

the reservoir by using some

power.
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Short-term Hydro Unit Commitment Problem

Find an optimal short-term

s
heduling of several plants with

multi-unit-pump-storage hydro power

station.
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More Pre
isely ! !

At ea
h time period t :

1

For ea
h reservoir : water

volume v

t

,

2

For ea
h unit (turbine/pump) :

Startup/shutdown, on/o�

status,

Water �ow q

jt

(pump :

q

jt

< 0, turbine : q

jt

> 0, not

operating : q

jt

= 0),

Power generated or 
onsumed

p

jt

(pump : p

jt

< 0, turbine :

p

jt

> 0, not operating :

p

jt

= 0).

Thank you for the �gure You
ef :)
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Assumptions

Obje
tive

Constraints

Hydro Unit Commitment Problem
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Assumptions

Obje
tive

Constraints

Hydro Unit Commitment Problem

MINLP

MILP

Dynami
 Programming De
omposition methods

Heuristi
s

Other

Resolution Approa
hes
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Assumptions

Hydro units (turbines,pumps),

Short-term : a day, a week,

Deterministi
 : fore
ast in�ows,

Pri
e-taker : fore
ast ele
tri
ity pri
es.
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Assumptions
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Deterministi
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ast in�ows,
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⋆ Narayana Prasad Padhy. �Unit 
ommitment-a bibliographi
al survey�. In :

Power Systems, IEEE Transa
tions on 19.2 (2004)

⋆ Amit Bhardwaj, Navpreet Singh Tung et Vikram Kamboj. �Unit Commitment

in Power System : A Review�. In : International Journal of Ele
tri
al and Power

Engineering 6.1 (2012)
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⋆ Milad Tahanan et al. �Large-s
ale unit 
ommitment under un
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⋆ HMI Pousinho, J Contreras et JPS Catalao. �Operations planning of a hydro

produ
er a
ting as a pri
e-maker in an ele
tri
ity market�. In : Power and

Energy So
iety General Meeting, 2012 IEEE. IEEE. 2012
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Obje
tive

Max pro�t
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Obje
tive

Max pro�t

Min water 
onsumption

Min number/
ost of start-ups and shut-downs of generating

units

Min hydro-logi
 alteration/damage by inundation

· · ·

Short-term Hydro Unit Commitment Problem 12



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

Obje
tive

Max pro�t

Min water 
onsumption

Min number/
ost of start-ups and shut-downs of generating

units

Min hydro-logi
 alteration/damage by inundation

· · ·

⋆ John W Labadie. �Optimal operation of multireservoir systems :

State-of-the-art review�. In : Journal of water resour
es planning and

management 130.2 (2004)
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 alteration/damage by inundation

· · ·

⋆ John W Labadie. �Optimal operation of multireservoir systems :

State-of-the-art review�. In : Journal of water resour
es planning and

management 130.2 (2004)

⋆ R. Dittmann et al. �Optimum multi-obje
tive reservoir operation with

emphasis on �ood 
ontrol and e
ology�. In : Natural Hazards & Earth System

S
ien
es 9.6 (2009)

⋆ Glauber R Colnago et Paulo B Correia. �Multiobje
tive dispat
h of

hydrogenerating units using a two-step geneti
 algorithm method�. In :

Evolutionary Computation, 2009. CEC'09. IEEE Congress on. IEEE. 2009

Short-term Hydro Unit Commitment Problem 12



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

Assumptions

Obje
tive

Constraints

Hydro Unit Commitment Problem

MINLP

MILP

Dynami
 Programming De
omposition methods

Heuristi
s

Other

Resolution Approa
hes

Short-term Hydro Unit Commitment Problem 13



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

Constraints

1

Physi
al Constraints : typi
ally hard 
onstraints

Water �ow balan
e equations

Forbid of simultaneous pump and turbine mode

Minimum number of periods to be spent in a status by the unit

Respe
t allowed operational points

Spinning reserves

spillage
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Constraints

2

Strategi
 Constraints : typi
ally soft 
onstraints

Irrigation requirement, E
ologi
al �ows, Water rights

Load balan
e equations 
onstraints

Minimum release of water per period

Final reservoir level
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Challenges

Large-s
ale problem

Should be solved in short amount of time

Combinatorial aspe
ts

Non-linearities

Multiple (
on�i
ting) obje
tives

Non-feasibility of some instan
es

· · ·
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MINLP

1

Non-linearity : where ?

Fo
us on MINLP with non-linear obje
tive fun
tion and linear


onstraints.

The power produ
tion : a highly non-linear fun
tion of the

water �ow and either the water level or (equivalently) the

water volume in the reservoir.

p

jt

= ϕ(q
jt

, v
t

) ∀j ∈ J , t ∈ T
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MINLP

1

Non-linearity : where ?

Fo
us on MINLP with non-linear obje
tive fun
tion and linear


onstraints.

The power produ
tion : a highly non-linear fun
tion of the

water �ow and either the water level or (equivalently) the

water volume in the reservoir.

p

jt

= ϕ(q
jt

, v
t

) ∀j ∈ J , t ∈ T

2

Why ?

A

urate des
ription of the hydropower plants 
hara
teristi
s,

head variation e�e
ts on the output power

−→ more realisti
 and feasible results
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MINLP

⋆ JPS Catalão et al. �Parameterisation e�e
t on the behaviour of a

head-dependent hydro 
hain using a nonlinear model�. In : Ele
tri
 Power

Systems Resear
h 76.6 (2006)

⋆ JPS Catalão et al. �Nonlinear optimization method for short-term hydro

s
heduling 
onsidering head-dependen
y�. In : European Transa
tions on

Ele
tri
al Power 20.2 (2010)

⋆ JPS Catalão, HMI Pousinho et VMF Mendes. �Hydro energy systems

management in Portugal : Pro�t-based evaluation of a mixed-integer nonlinear

approa
h�. In : Energy 36.1 (2011)
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⋆ JPS Catalão et al. �Parameterisation e�e
t on the behaviour of a

head-dependent hydro 
hain using a nonlinear model�. In : Ele
tri
 Power

Systems Resear
h 76.6 (2006)

⋆ JPS Catalão et al. �Nonlinear optimization method for short-term hydro

s
heduling 
onsidering head-dependen
y�. In : European Transa
tions on

Ele
tri
al Power 20.2 (2010)

⋆ JPS Catalão, HMI Pousinho et VMF Mendes. �Hydro energy systems

management in Portugal : Pro�t-based evaluation of a mixed-integer nonlinear

approa
h�. In : Energy 36.1 (2011)

⋆ FJavier Diaz et al. �Optimal s
heduling of a pri
e-taker 
as
aded reservoir

system in a pool-based ele
tri
ity market�. In : Power Systems, IEEE

Transa
tions on 26.2 (2011)

⋆ J Shu et al. �Self-s
heduling of 
as
aded hydropower stations based on

Nonlinear Complementarity approa
h�. In : Power System Te
hnology

(POWERCON), 2010 International Conferen
e on. IEEE. 2010
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MILP

1

Linearity : why ?

MILP solvers more e�
ient than MINLP ones and handle

large-s
ale instan
es

Trying to get rid of the non-linear fun
tions → "linearize" and

use MILP solvers

Short-term Hydro Unit Commitment Problem 20



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

MILP

1

Linearity : why ?

MILP solvers more e�
ient than MINLP ones and handle

large-s
ale instan
es

Trying to get rid of the non-linear fun
tions → "linearize" and

use MILP solvers

2

How?

Pie
ewise linear approximation (easily applied for univariate

fun
tions)

Fun
tions of 2 variables (�x one of the variables)

Triangulation
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MILP

⋆ CW Chang et JG Waight. �A mixed integer linear programming based hydro

unit 
ommitment�. In : Power Engineering So
iety Summer Meeting, 1999.

IEEE. T. 2. IEEE. 1999

⋆ Antonio J Conejo et al. �Self-s
heduling of a hydro produ
er in a pool-based

ele
tri
ity market�. In : Power Systems, IEEE Transa
tions on 17.4 (2002)
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⋆ CW Chang et JG Waight. �A mixed integer linear programming based hydro

unit 
ommitment�. In : Power Engineering So
iety Summer Meeting, 1999.

IEEE. T. 2. IEEE. 1999

⋆ Antonio J Conejo et al. �Self-s
heduling of a hydro produ
er in a pool-based

ele
tri
ity market�. In : Power Systems, IEEE Transa
tions on 17.4 (2002)

⋆ Alberto Borghetti et al. �An MILP approa
h for short-term hydro s
heduling

and unit 
ommitment with head-dependent reservoir�. In : Power Systems,

IEEE Transa
tions on 23.3 (2008)
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tions on 23.3 (2008)

⋆ TN Santos et AL Diniz. �A 
omparison of stati
 and dynami
 models for

hydro produ
tion in generation s
heduling problems�. In : Power and Energy

So
iety General Meeting, 2010 IEEE. IEEE. 2010

⋆ J Gar
ía-González et al. �Under-relaxed iterative pro
edure for feasible

short-term s
heduling of a hydro 
hain�. In : Power Te
h Conferen
e

Pro
eedings, 2003 IEEE Bologna. T. 2. IEEE. 2003
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heduling of a hydro 
hain�. In : Power Te
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Pro
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⋆ Javier Gar
ia-Gonzalez et G Alonso Castro. �Short-term hydro s
heduling

with 
as
aded and head-dependent reservoirs based on mixed-integer linear

programming�. In : Power Te
h Pro
eedings, 2001 IEEE Porto. T. 3. IEEE. 2001

⋆ Jiangtao Jia et Xiaohong Guan. �MILP formulation for short-term s
heduling

of 
as
aded reservoirs with head e�e
ts�. In : Arti�
ial Intelligen
e,

Management S
ien
e and Ele
troni
 Commer
e (AIMSEC), 2011 2nd

International Conferen
e on. IEEE. 2011
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Single Reservoir HUC Problem (Borghetti et al., '08)

1

Sets

T = {1, . . . , t} = set of time periods

J = {1, . . . , n} = set of turbine/pump units
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Single Reservoir HUC Problem (Borghetti et al., '08)

1

Sets

T = {1, . . . , t} = set of time periods

J = {1, . . . , n} = set of turbine/pump units

2

Variables

q

jt

: water �ow in unit j in period t (j ∈ J , t ∈ T )
p

jt

: power generated or 
onsumed by unit j in period t

(j ∈ J , t ∈ T )
v

t

: water volume in the basin in period t (t ∈ T )
s

t

: spillage in period t (t ∈ T )
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Single Reservoir HUC Problem (Borghetti et al., '08)

1

Sets

T = {1, . . . , t} = set of time periods

J = {1, . . . , n} = set of turbine/pump units

2

Variables

q

jt

: water �ow in unit j in period t (j ∈ J , t ∈ T )
p

jt

: power generated or 
onsumed by unit j in period t

(j ∈ J , t ∈ T )
v

t

: water volume in the basin in period t (t ∈ T )
s

t

: spillage in period t (t ∈ T )

Plus

Binary variables for Startups/Shutdowns and pump/turbine

status

Other variables for linearization
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Single Reservoir HUC Problem (Borghetti et al., '08)

1

Sets

T = {1, . . . , t} = set of time periods

J = {1, . . . , n} = set of turbine/pump units

2

Variables

q

jt

: water �ow in unit j in period t (j ∈ J , t ∈ T )
p

jt

: power generated or 
onsumed by unit j in period t

(j ∈ J , t ∈ T )
v

t

: water volume in the basin in period t (t ∈ T )
s

t

: spillage in period t (t ∈ T )

Plus

Binary variables for Startups/Shutdowns and pump/turbine

status

Other variables for linearization

3

Obje
tive : Power selling - Turbine/Pump startup 
ost

max

∑

j∈J

∑

t∈T

(
∆t Π

t

p

jt

−C
j

w̃

jt

−(D
j

+ Π
t

E

j

)ỹ
jt

)
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Turbine/Pump possible status

For ea
h period t, we have the three possible 
ases that 
an o

ur

relative to turbine/pump unit j :

if unit j is generating power → q

jt

> 0 and p

jt

> 0 ;

if unit j is pumping water → q

jt

< 0 and p

jt

< 0 ;

if unit j is not operating → q

jt

= 0 and p

jt

= 0.

Short-term Hydro Unit Commitment Problem 25



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

Reservoirs' 
onstraints ⇒ Global 
onstraints

1

Bounds

V ≤ v

t

≤ V , 0 ≤ s

t

≤ S ∀t ∈ T

2

Final reservoir level

v

t

− V

t

≥ 0

3

Water volume 
onservation

v

t

= v

t−1

+ 3600∆t (I
t

−
∑

j∈J

q

jt

− s

t

) ∀t ∈ T
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Reservoirs' 
onstraints ⇒ Global 
onstraints

1

Bounds

V ≤ v

t

≤ V , 0 ≤ s

t

≤ S ∀t ∈ T

2

Final reservoir level

v

t

− V

t

≥ 0

3

Water volume 
onservation

v

t

= v

t−1

+ 3600∆t (I
t

−
∑

j∈J

q

jt

− s

t

) ∀t ∈ T

4

Spillage

s

t

−
∑

j∈J

(W
j

w̃

jt

+ Y

j

ỹ

jt

) ≥ 0 ∀t ∈ T

∑

j∈J

q

jt

+ s

t

−Θ ≥ 0 ∀t ∈ T
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Units' 
onstraints ⇒ Lo
al 
onstraints

5

Bounds

Q

−
j

≤ q

jt

≤ Q

j

, P

−
j

≤ p

jt

≤ P

j

, ∀j ∈ J, t ∈ T

6

Lower and Upper bounds on turbines �ows

q

jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≥ 0, q
jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≤ 0 ∀j ∈ J, t ∈ T
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Units' 
onstraints ⇒ Lo
al 
onstraints

5

Bounds

Q

−
j

≤ q

jt

≤ Q

j

, P

−
j

≤ p

jt

≤ P

j

, ∀j ∈ J, t ∈ T

6

Lower and Upper bounds on turbines �ows

q

jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≥ 0, q
jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≤ 0 ∀j ∈ J, t ∈ T

7

Ramp-up/down

∑
j∈J

(q
jt

−q

j(t−1))+∆Q

−
≥ 0,

∑
j∈J

(q
jt

−q

j(t−1))−∆Q

+
≤ 0 ∀t ∈ T
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Units' 
onstraints ⇒ Lo
al 
onstraints

5

Bounds

Q

−
j

≤ q

jt

≤ Q

j

, P

−
j

≤ p

jt

≤ P

j

, ∀j ∈ J, t ∈ T

6

Lower and Upper bounds on turbines �ows

q

jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≥ 0, q
jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≤ 0 ∀j ∈ J, t ∈ T

7

Ramp-up/down

∑
j∈J

(q
jt

−q

j(t−1))+∆Q

−
≥ 0,

∑
j∈J

(q
jt

−q

j(t−1))−∆Q

+
≤ 0 ∀t ∈ T

(q
jt

− q

j(t−1)) +∆Q

− ≥ 0, (q
jt

− q

j(t−1))−∆Q

+ ≤ 0 ∀j ∈ J, t ∈ T
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Units' 
onstraints ⇒ Lo
al 
onstraints

8

Swit
h-on/swit
h-o� for turbines and pumps

g

jt

−g

j(t−1)−(w̃
jt

−w

jt

) = 0, w̃

jt

+w

jt

≤ 1 ∀j ∈ J, t ∈ T

u

jt

− u

j(t−1) − (ỹ
jt

− y

jt

) = 0, ỹ

jt

+ y

jt

≤ 1 ∀j ∈ J, t ∈ T

9

Turbines and pumps status

g

jt

+ u

kt

≤ 1∀j , k ∈ J, t ∈ T ,

∑

j∈J

u

jt

≤ n − 1 ∀t ∈ T .
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Outline

1

Hydro Unit Commitment Problem

2

Single Reservoir HUC Problem

3

Graph Modeling and DW-de
omposition
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entralized optimal
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omposition method�. In : Power
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iety Summer Meeting, 2000. IEEE. T. 4. IEEE. 2000

⋆ Yong Fu, Mohammad Shahidehpour et Zuyi Li. �Long-term se
urity-
onstrained unit


ommitment : hybrid Dantzig-Wolfe de
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tions on 20.4 (2005)

Long-term nu
lear-thermal Unit Commitment Problem

(ROADEF/EURO 2010 Challenge)

⋆ Antoine Rozenknop et al. �Solving the ele
tri
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olumn generation based heuristi
�. In : Journal of S
heduling 16.6 (2013)
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A simpli�ed version !

Negle
t the spillage-related parameters, variables and


onstraints,

Do not 
onsider the head e�e
t,

Relax the target volume 
onstraint and put it as a penalty in

the 
ost fun
tion.
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Operational points of a unit j

For ea
h unit j , suppose given a set of operational points I,

With ea
h operational point are asso
iated possible values of

generated or 
onsumed power p

j

(water �ow q

j

),

Denote p

i

j

(q

i

j

), i ∈ I these values.
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

T0 1 2 t

′
t

′ + 1
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

p

jt

/q
jt

T0 1 2 t

′
t

′ + 1
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

p

jt

/q
jt

T0 1 2 t

′
t

′ + 1

p

1/q1

p

2/q2

p

4/q4

p

u

m

p

t

u

r

b

i

n

e

p

3/q3
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

p

jt

/q
jt

T0 1 2 t

′
t

′ + 1

p

1/q1

p

2/q2

p

4/q4

p

u

m

p

t

u

r

b

i

n

e

p

3/q3

Graph nodes N

j

: possible operational points

5

Bounds

Q

−
j

≤ q

jt

≤ Q

j

, P

−
j

≤ p

jt

≤ P

j

, ∀j ∈ J, t ∈ T

6

Lower and Upper bounds on turbines �ows

q

jt

− (Q−
j

u

jt

+ Q

j

g

jt

) ≥ 0, q
jt

− (Q−
j

u

jt

+Q

j

g

jt

) ≤ 0 ∀j ∈ J, t ∈ T

Short-term Hydro Unit Commitment Problem 34



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

p

jt

/q
jt

T0 1 2 t

′
t

′ + 1

p

1/q1

p

2/q2

p

4/q4

p

u

m

p

t

u

r

b

i

n

e

p

3/q3

Graph ar
s A

j

: possible operating status 
hanging

7

Ramp-up/down

(q
jt

− q

j(t−1)) + ∆Q

− ≥ 0, (q
jt

− q

j(t−1))−∆Q

+ ≤ 0 ∀j ∈ J, t ∈ T

8

Swit
h-on/swit
h-o� for turbines and pumps

g

jt

− g

j(t−1) − (w̃
jt

− w

jt

) = 0, w̃

jt

+ w

jt

≤ 1 ∀j ∈ J, t ∈ T

u

jt

− u

j(t−1) − (ỹ
jt

− y

jt

) = 0, ỹ

jt

+ y

jt

≤ 1 ∀j ∈ J, t ∈ T
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

p

jt

/q
jt

T0 1 2 t

′
t

′ + 1 T + 1

p

1/q1

p

2/q2

p

4/q4

p

u

m

p

t

u

r

b

i

n

e

p

3/q3

Graph ar
s A

j

: possible operating status 
hanging

�
tive node for period T + 1 and �
tive ar
s,

To ea
h ar
 a ∈ A

j

are asso
iated two values :

a 
ost 


a


orresponding to start-up/shut-down 
osts minus power selling,

a penalty w

a

representing water 
onsumption,

for �
tive ar
s 


a

= w

a

= 0.
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G

j

= (N
j

,A
j

) : a dire
ted graph asso
iated with unit j

t

p

jt

/q
jt

T0 1 2 t

′
t

′ + 1 T + 1

p

1/q1

p

2/q2

p

3/q3

p

4/q4

p

u

m

p

t

u

r

b

i

n

e

Notations

A path π from 0 to T + 1 is the sequen
e of possible status of unit j

→ A possible produ
tion plan for unit j

Denote by Π
j

, j ∈ J the set of the possible paths for unit j
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Parameters for a unit j

b

j ,π(nt), (π ∈ Π
j

, n
t

∈ N

j

)
j∈J

b(n
t

) =

{
1 ifπ ∈ Π

j

passes through n

t

0 otherwise,
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Parameters for a unit j

b

j ,π(nt), (π ∈ Π
j

, n
t

∈ N

j

)
j∈J

b(n
t

) =

{
1 ifπ ∈ Π

j

passes through n

t

0 otherwise,

q(n
t

) the �ow asso
iated with node n

t

∈ N

j

, j ∈ J.

q(n
t

) =





> 0 if unit j is operating as a turbine at period t

< 0 if unit j is operating as a pump at period t

0 if unit j is not operating at period t.
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Variables for a unit j

Path Variables

x

j ,π =

{
1 ifπ ∈ Π

j

is sele
ted as a plan produ
tion for unit j

0 otherwise
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Variables for a unit j

Path Variables

x

j ,π =

{
1 ifπ ∈ Π

j

is sele
ted as a plan produ
tion for unit j

0 otherwise

Relation with previous variables

Flow variables (
ontinuous)

q

jt

=
∑

π∈Π
j

∑
n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π ∀j ∈ J, t ∈ T

Turbine status (binary)

g

jt

=
∑

π∈Π
j

∑
n

t

∈N

jt

:
q(n

t

)>0

x

j,π ∀j ∈ J, t ∈ T

Pump status (binary)

u

jt

=
∑

π∈Π
j

∑
n

t

∈N

jt

:
q(n

t

)<0

x

j,π ∀j ∈ J, t ∈ T
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Path-based formulation

min

∑

j∈J

∑

π∈Π
j


πx
j,π

∑

π∈Π
j

x

j,π = 1 ∀j ∈ J γ
j

(3.1)

v

t

− v

t−1

= 3600∆t (I
t

−
∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π) ∀t ∈ T α

t

(3.2)

∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

:

b(n)=−1

x

j,π ≤ n − 1 ∀t ∈ T β
t

(3.3)

−
∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π +

∑

j∈J

∑

π∈Π
j

∑

n

t−1

∈

N

j(t−1)

b(n
t−1

)q(n
t−1

)xπ ≤ ∆Q

−
∀t ∈ T µ

t

(3.4)

∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

j(t)

b(n
t

)q(n
t

)xπ −
∑

j∈J

∑

π∈Π
j

∑

n

t−1

∈

N

j(t−1)

b(n
t−1

)q(n
t−1

)x
j,π ≤ ∆Q

+
∀t ∈ T δ

t

(3.5)

0 ≤ x

j,π ≤ 1, x

j,π ∈ {0, 1} ∀π ∈ Π
J

, j ∈ J (3.6)
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Path-based formulation

min

∑

j∈J

∑

π∈Π
j


πx
j,π

∑

π∈Π
j

x

j,π = 1 ∀j ∈ J γ
j

(3.1)

v

t

− v

t−1

= 3600∆t (I
t

−
∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π) ∀t ∈ T α

t

(3.2)

∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

:

b(n)=−1

x

j,π ≤ n − 1 ∀t ∈ T β
t

(3.3)

−
∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π +

∑

j∈J

∑

π∈Π
j

∑

n

t−1

∈

N

j(t−1)

b(n
t−1

)q(n
t−1

)xπ ≤ ∆Q

−
∀t ∈ T µ

t

(3.4)

∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

j(t)

b(n
t

)q(n
t

)xπ −
∑

j∈J

∑

π∈Π
j

∑

n

t−1

∈

N

j(t−1)

b(n
t−1

)q(n
t−1

)x
j,π ≤ ∆Q

+
∀t ∈ T δ

t

(3.5)

0 ≤ x

j,π ≤ 1, x

j,π ∈ {0, 1} ∀π ∈ Π
J

, j ∈ J (3.6)

9

Turbines and pumps status

g

jt

+ u

kt

≤ 1 ∀j, k ∈ J, t ∈ T , ∀t ∈ T .
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Initial 
olumns

|Π
j

| 6= 0,∀j ∈ J
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Initial 
olumns

|Π
j

| 6= 0,∀j ∈ J

Shortest Path Problem in graph G

j

, j ∈ J with di�erent values

for the penalty asso
iated to water 
onsumption,
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Initial 
olumns

|Π
j

| 6= 0,∀j ∈ J

Shortest Path Problem in graph G

j

, j ∈ J with di�erent values

for the penalty asso
iated to water 
onsumption,

Bi-obje
tive Shortest Path Problem in graph G

j

, j ∈ J.
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Dual variables

min

∑

j∈J

∑

π∈Π
j


πx
j,π

∑

π∈Π
j

x

j,π = 1 ∀j ∈ J γ
j

(3.7)

v

t

− v

t−1

= 3600∆t (I
t

−
∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π) ∀t ∈ T α

t

(3.8)

∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

:

b(n)=−1

x

j,π ≤ n − 1 ∀t ∈ T β
t

(3.9)

−
∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

jt

b(n
t

)q(n
t

)x
j,π +

∑

j∈J

∑

π∈Π
j

∑

n

t−1

∈

N

j(t−1)

b(n
t−1

)q(n
t−1

)xπ ≤ ∆Q

−
∀t ∈ T µ

t

(3.10)

∑

j∈J

∑

π∈Π
j

∑

n

t

∈N

j(t)

b(n
t

)q(n
t

)xπ −
∑

j∈J

∑

π∈Π
j

∑

n

t−1

∈

N

j(t−1)

b(n
t−1

)q(n
t−1

)x
j,π ≤ ∆Q

+
∀t ∈ T δ

t

(3.11)

0 ≤ x

j,π ≤ 1, x

j,π ∈ {0, 1} ∀π ∈ Π
J

, j ∈ J (3.12)
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Pri
ing problem for unit j ∈ J

π∗ = argminπ∈Π
j


π
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Pri
ing problem for unit j ∈ J

π∗ = argminπ∈Π
j


π

where


π = 
π − γ
j

−
∑

t

(−3600∆
t

α
t

∑

n

t

b(n
t

)q(n
t

) + β
t

∑

n

t

:
b(n)=−1

1)

−
∑

t

(δ
t

− µ
t

)(
∑

n

t

∈N
j(t)

b(n
t

)q(n
t

)−
∑

n

t−1

∈
N

j(t−1)

b(n
t−1

)q(n
t−1

)),
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Pri
ing problem for unit j ∈ J

π∗ = argminπ∈Π
j


π

where


π = 
π − γ
j

−
∑

t

(−3600∆
t

α
t

∑

n

t

b(n
t

)q(n
t

) + β
t

∑

n

t

:
b(n)=−1

1)

−
∑

t

(δ
t

− µ
t

)(
∑

n

t

∈N
j(t)

b(n
t

)q(n
t

)−
∑

n

t−1

∈
N

j(t−1)

b(n
t−1

)q(n
t−1

)),

and su
h that

” g
jt

+ u

kt

≤ 1, ∀j , k ∈ J, t ∈ T ”
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First step : A shortest path for 
olumns' generation

Consider an ar
 a = (i , k) ∈ A

j


hara
terized by t, b(i), b(k),
where i ∈ N

t−1

, k ∈ N

t

,
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First step : A shortest path for 
olumns' generation

Consider an ar
 a = (i , k) ∈ A

j


hara
terized by t, b(i), b(k),
where i ∈ N

t−1

, k ∈ N

t

,

To the weight 


a

asso
iated with this ar
, we add the following

values

q(k)(3600∆
t

α
t

− (δ
t

− µ
t

))

+q(i)(δ
t

− µ
t

)

+−sign(q(k))(1−sign(q(k)))
2

β
t
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First step : A shortest path for 
olumns' generation

Consider an ar
 a = (i , k) ∈ A

j


hara
terized by t, b(i), b(k),
where i ∈ N

t−1

, k ∈ N

t

,

To the weight 


a

asso
iated with this ar
, we add the following

values

q(k)(3600∆
t

α
t

− (δ
t

− µ
t

))

+q(i)(δ
t

− µ
t

)

+−sign(q(k))(1−sign(q(k)))
2

β
t

Solve a Shortest Path Problem in G

j

using Bellman-Ford (as

the new weights may be negative),
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First step : A shortest path for 
olumns' generation

Consider an ar
 a = (i , k) ∈ A

j


hara
terized by t, b(i), b(k),
where i ∈ N

t−1

, k ∈ N

t

,

To the weight 


a

asso
iated with this ar
, we add the following

values

q(k)(3600∆
t

α
t

− (δ
t

− µ
t

))

+q(i)(δ
t

− µ
t

)

+−sign(q(k))(1−sign(q(k)))
2

β
t

Solve a Shortest Path Problem in G

j

using Bellman-Ford (as

the new weights may be negative),

Add −γ
j

.
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Se
ond step : only a turbine or a pump at on
e

π∗ = argminπ∈Π
j


π

where


π = 
π − γ
j

−
∑

t

(−3600∆
t

α
t

∑

n

t

b(n
t

)q(n
t

) + β
t

∑

n

t

:
b(n)=−1

1)

−
∑

t

(δ
t

− µ
t

)(
∑

n

t

∈N
j(t)

b(n
t

)q(n
t

)−
∑

n

t−1

∈
N

j(t−1)

b(n
t−1

)q(n
t−1

)),

and su
h that

” g
jt

+ u

kt

≤ 1, ∀j , k ∈ J, t ∈ T ”
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In
ompatibility Graph and valid inequalities

undire
ted graph H = (V ,E )

Short-term Hydro Unit Commitment Problem 43



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

In
ompatibility Graph and valid inequalities

undire
ted graph H = (V ,E )

V = ∪
j∈JΠj
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In
ompatibility Graph and valid inequalities

undire
ted graph H = (V ,E )

V = ∪
j∈JΠj

E : for ea
h π
i

∈ Π
j

, π
l

∈ Π
k

, we put an edge e = (π
i

, π
l

) if

and only if ∃ t : q(n
jt

).q(n
kt

) < 0
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In
ompatibility Graph and valid inequalities

undire
ted graph H = (V ,E )

V = ∪
j∈JΠj

E : for ea
h π
i

∈ Π
j

, π
l

∈ Π
k

, we put an edge e = (π
i

, π
l

) if

and only if ∃ t : q(n
jt

).q(n
kt

) < 0

for ea
h edge e = (π
i

, π
l

) ∈ E , we identify the following valid

inequality x

j ,π
i

+ x

k,π
l

≤ 1
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In
ompatibility Graph and valid inequalities

undire
ted graph H = (V ,E )

V = ∪
j∈JΠj

E : for ea
h π
i

∈ Π
j

, π
l

∈ Π
k

, we put an edge e = (π
i

, π
l

) if

and only if ∃ t : q(n
jt

).q(n
kt

) < 0

for ea
h edge e = (π
i

, π
l

) ∈ E , we identify the following valid

inequality x

j ,π
i

+ x

k,π
l

≤ 1

this 
an be generalized for ea
h 
lique C in H

∑
π∈C xπ ≤ 1, ∀C ⊂ V
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Con
lusion and future work

1

Survey

2

HUC Problem : MILP and path-based formulation

3

Pri
ing problem
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Con
lusion and future work

1

Survey

2

HUC Problem : MILP and path-based formulation

3

Pri
ing problem

4

Column generation based heuristi


5

Feasibility re
overy heuristi


6

Ben
hmark for the deterministi
 HUC problem
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Thank you !

Short-term Hydro Unit Commitment Problem 45



Hydro Unit Commitment Problem

Single Reservoir HUC Problem

Graph Modeling and DW-de
omposition

Short-term Unit Commitment Problem in

Hydro Valleys: Overview and
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