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1. Basic Notation: Spaces of Measures rechnische

X =R%or X C R? compact subset of R?

(General: Polish space = separable, completely metrizable topol. space)

B(X) Borel o-algebra on X: smallest o-algebra which contains all open sets
= o-algebra generated by the open sets
(Remember: o-algebra 3: X € L, A€ X = A€ X, Ay € 8= Uy 4k € X)

p: B(X) — Ris a finite, signed measure on B(X) (Borel measure)
i.e. for pairwise disjoint sets Ay € B(X), k € N,

u( | Ak> =S u(Ay) o — additivity
keN keN

M(X) linear space of Borel measures
(General: for Radon measures (fulfill inner/outer regularity condition); coincide with Borel
measures on Polish spaces, in particular Rd)

M(X) is a Banach space with total variation norm

[pllry = [p[(X),  where
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1. Basic Notation: Spaces of Measures

¢ pre-dual space of M(X) is Cy(X), i.e. Co(X) = M(X)

® weak-* convergence of measures u,, — u if

/X o (@) dyin () — /X (@) du(x) for all g € Co(X).

lullrv = sup (@, 1))
||90||oo§1

with dual pairing

(@, p) = /X p(z) dp(z)

Further, let
® M (X) subset of non-negative measures on X

® P(X) subset of probability measures on X,
le. p € M (X) and pu(X) =1

Technische
niversitat
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Remark on Convergence of Measures rechische '

Let X locally compact Polish space (separable, complete metric space) and rba(X) space of
finitely additive set functions

® C.(X) =2 M(X) with T, () = (1, ¢) = [y @dp forall p € Co(X).
® Ch(X) =2 M(X) with Ty,(¢) = (u, p) == [y e duforall p € Co(X).
® Cy(X) = rba(X)

Note that Cp(X) C Cp(X), but Cp(X) Z rba(X) € M(X) = Co(X)'
® (tn)nen C M(X) bounded Then

pn = pin Co(X)' ifandonly if g, = pin Co(X)'.

Counterexample: @, = nd, test against p(z) = sin(z)/xz € Co(R)
® (n)nen C M(X) be bounded and tight, then

tn — win Co(X) ifandonly if g, — pin Cp(X)'

Counterexample: w,, = 9, test against p(x) = sin(x) € Cp(R)

(pbn)n is tight if for all € > 0, there exists a compact set K C X such that |u,|(X \ K) < €
for all n € N.

Theorem (Prokhorov) Let (1, )nen be a tight sequence of probability measures. Then there
exists a subsequence (it )ken which converges weakly to a probability measure p.

Ref: Plonka, Potts, Steidl, Tasche, Numerical Fourier Analysis, Springer 2023,

Chapter: Fourier Analysis of Measures
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Examples Technische '
1. Atomic measures (empirical measures if same weights)

“ 1 ifxe A,
o= ;’ui&x“ 02(A) := { 0 otherwise

If w € P(X), then 30" i =1and p; >0,i=1,...,m. Then

lell7v = ] + oo ]

2. Absolutely continuous measures p € M(X) with density o € L1(X)

u(A) = /A o(z) da

(Remember: p << X\ with Lebesgue measure X\, if A(A) =0 = u(A) =0VA € B(X))
Then

Iy = /X ()| da

TV-norm is not a good measure for our purposes.
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2. Monge Problem (1781) & Techm‘sche'

niversitat

Given y € P(X), veP(Y)
Find an optimal transport map T': X — Y such that

T € argmin / c(x,T(x)) du(x) subjectto v=Tuu
X

‘T'measurable

with the push forward measure
Typ = po T

Note that

| wT@)dute) = [ hw)d Ten) )
T-1(A) A ——

v

and in case of existing densities and a diffeomorphism 7T

Prun(y) = pu (T (y)) |det VT~ (y)]

ke

- sliced OT, measures on curves

Example: law of random variables, =
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Discrete Monge PrOblem Technische'

Given . N
M= ZMZ&’BZ? V= Zyjdyj
i=1 j=1

Find an optimal transport map 7" : {x1,....xm} — {y1,...,yn} such that

N
T e argminz c(xi, T(z;))pi st. v;= Z [
= T(x)=y,
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Kantorovich Problem (1942) «? it '

Given p € P(X), v € P(Y)
Find an optimal transport plan 7 € P(X x Y') with given marginals p and v

TE argmin/ c(z,y)dr(z,y)
mell(p,v) J X xX

OT(p,v) = min / c(z,y)dm(z,y)
m€ll(p,v) J x « X

where
® [(pu,v) ={mreP(X xX): (P1)pgm =, (P)pgm=p

® Pi(x1,22) = 71, Pa(z1,22) = 22

=]
o
AA =
L ]
@
o) o)
o
=]
£
2
o
I~
E
5 o

Semidiscrete

: Book Peyré/Cuturi: Computational optimal transport

® [Existence of a minimizer is ensured if ¢ is Isc and bounded from below
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Discrete Kantorovich Problem remiscre l

Given . .
H = Zﬂzéxl7 vV — Z Vj(syj
i=1 j=1

. . ~ m,n o~ . N m,n
Find an optimal transport plan @ = >, "7 7ij0a,,y,, 1€ (7i5)i; € RSy

m n
7 € argmin E E c(xi, y;)mij
T . .
=1 j5=1

subject to m;; > 0

m
g T =V, J=1,...,n,
i=1
n
E T3 = M, ’L:].,...,m
j=1

Shorter notation:

7 € argmin(c, w) subject to w1, = pu, 7l,=v, >0
T

Prm=pup, Pom=v, m>0
(L, L)mr=u, (I, 1l,)r=v, 1 >0
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Examples

3ot 1o+ 24,

Technische
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Brenier,s Theorem Tefhnis.cf.wle '

Theorem Let p, v € Po(X), where u < X and c(z,y) = ||z — y||*. Then
¢ Kantorovich problem has a unique solution 7
® 7= (I,T)up where T € L7 (X, X) is the optimal transport map
® [f v has bounded support, then

A

T(x) =2 —Ve(x) =Vi(x) forpu—a.e.z,

for some lower semi-continuous, convex, differentiable p-a.e function .

® Conversely, if v is lower semi-continuous, convex and differentiable pu-a.e.
with |V9| € L2(X, X), then
T =V

is the optimal transport map from p to v =Tuu € Po(X).
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Wasserstein Spaces rechnische '

For p € [1, o0), the space of measures with finite p-th moment is defined by
Pp(X) := {,u e P(RY) : /d |z ||Pdp(z) < oo}
R
For u,v € Pp(Rd), the Wasserstein p-distance is given by

WP(u,v) := inf / x — y||Pdr(x, v),
L (ps v) ot Rdedll yl|"dm(z, y)

which actually defines a metric.

The metric space (P,(X), W,,) is called the p-th Wasserstein space.

Convergence of (ftn)n, tn € Po(R?): Wa(ptn, ) — 0 as n — oo if and only if we have
weak /narrow convergence
pn = pin Cp(X)'
and
[l dun@ > [ el duG asn oo
R4 R4

1
1 1\ 2
Example: pq ~ N(ml, 1), p2 ~ N(’m2, >2) and 21,2 = (22221222)

Then
Wy (p1, p2) = [|m1 — ma|)® 4+ tr(21 — 2512 + o)
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Discrete OT and itS Dl.lal Teghnis'clle'
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OT and its Dual

Primal OT:
OT(u,v) := min /Cdﬂ',
X2

mell(p,v)
Dual OT:

OT(u,v) = max /gpd,u—l—/ Y do.
(p)eC(X)? Jx X
e(z)+v¥(y)<c(z,y)

(@, 1) = (¢, ¢°) with c-transformed function

»"(y) = min{c(z, y) — ()}

Example: Set X :=[0,1], c(z,y) = |z — y|, p = d0/2 + 61/2, v = S0.1/2 + S0.9/2.
Then, OT(u, v) = 0.1 with unique optimal transport plan © = %5070_1 + %51,0.9.
Optimal dual potentials

(01— forzec [0,0.1], (02— forzc [0,0.2],
o1(x) =qx—0.9 forxze€[0.9,1], and @2(x)=<x—0.9 forx € [0.9,1],
\O else, \O else.

Clearly, these potentials do not differ only by a constant.

Technische
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Regularized Optimal Transport

Primal Problem:

OT. = min / c(z,y)dn(z,y) + cKL(m, p @ v)
mell(w,v) X xX

Discrete setting:

OT,. = min C, T —|-€( 5 1o ;.4 — T 1o Vi) — T )
€ WEH(,LL,V)< > ; »J g )J 2] g(:u J) 2J

: E : —c/e
=& min T, 4 log T3 — T4 log(,uiuje / ) — Ty,4

—¢ min KL(7,diag(p) e ¢/¢ diag(v))
mell(w,v) \ v

K
Lagrangian:

min m%x KL(7w, K) + (Pym — p, ) + (Pom — v, )
T

Dual Problem:

Technische
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Regularized Optimal Transport Techn.-sche'

niversitat

Alternating minimization: Sinkhorn algorithm with © :=e™%, v :=e™¥

Py — : —p(r=Dy (ry _ M
V, = 0:diag(e”?) K diag(e l=p — w'’= Kor—1)

AT —(") : —p\\ T _ ry __ YV
Vy =0: (dlag(e ) K diag(e )) l=v = v’= KTur)

Relation to 7: (set gradient of Lagrangian wrt 7 to 0)

0=logm —logK + Plo+ Py <= w=diag(u)K diag(v)

We can also consider the Sinkhorn algorithm wrt 7:

70 .= K,
forr=20,1,...

(2r+1) ._ 3: P ) (2r)
7 = diag <7r(27”)1 s

(2r+2) ._ _(2r+1) 3; v )
7 =T diag ((77(2?“+1))T1
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Convergence of Sinkhorn Algorithm rechnische '

niversitat

Linear convergence: in R, , « ~y if z = oy for some o > 0

dpr(u Y w*) < MEK)2dg(u'™), u)

with

dH(xv y)

AK) ::sup{ iw%y}

and the Hilbert norm

dr(z,y) = ||logx —log y||v,

x|y = max z; — min z;
1 (2
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Is there a relation to proximal algorithms? Techm-sche'

® Mirror Descent Algorithm = linearized proximal algorithm with a general
f-divergence instead of the special squared norm
¢ SMART

¢ BI-SMART
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Bregman DiStaI‘ICES Technische '

Let f : R - RU {400} convex Isc and dom f N (0, +00) # O with nonempty

subdifferential O f
Bregman distance:

Dy(z,y) ={f(z) — f(y) +(p,z—y) :p € Of(y)}

Examples:

1. f(z) =Lzl
1 2 ]- 2 1 2
D¢i(xz,y) = =||z||” — = — (Y, —y) = =||x —
iz, y) 2|| | 2IIyII (y Y) 2|| y||

2. f(x) =xlogx

D¢(z,y) =xlogx—ylogy—(logy+1,x—y) = zlogx—zxlogy—z+y = KL(x, y)

Function Name f(z) dom f Dy(z,y)
Squared Norm %1‘2 (=00, 00) %(l —y)?
Shannon Entropy zlog [0, 00) xlog % —r+y
Bit Entropy  xlogz + (1 —x)log(l—z) [0,1] = log% + (1 —xz)log ﬁ
Burg Entropy —logx (0,00) % — logi -1
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Properties of Bregman Distances Techn.-sche'

Properties:
¢ Dy(z,y) 20
® Dy(x,y) =0iff x =y in case f is strictly convex.
® |n general not symmetric and does not fulfill a triangular inequality
® Jointly convex, Isc.
® If f is strictly convex, Dy is strictly convex in the first argument.

® [f expressions exist

VoDy(z,y) = Vf(r) - Vf(y)
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Is there a relation to proximal algorithms? Techn.-sche'

® Mirror Descent Algorithm = linearized proximal algorithm with a general
f-divergence instead of the special squared norm

¢ SMART (simultaneous multiplicative algebraic reconstruction technique)

¢ BI-SMART (block iterative SMART)
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Blackboard

Ol (pi0) = min KL (T, K )
L

GEERAL TASK ©  RAM=4 | A20 ohdasic matus , 620
v KLOxy) st A¥=b
1) e i £

‘PC‘“'(,) e

(2) min KL(AX6)
xz0

Technische
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COmpariSOH Technische '

SMART solely performs the multiplicative update specified in (2) with its step-
size fixed to 7, = %, where again f is L-smooth relative to .
FSMART is based on the iteration suggested in [2], where initially 6, = 1

is chosen, which is then subsequently updated via 041 = @, as
suggested in [5)].

ABPG-e as described in [6, Algorithm 2] was applied to (1) with parameters
Ymin = 1, 70 = 5 and § = 0.05. The choices for vy and § deviate slightly
from the recommendation in [6], but were chosen to facilitate fastest possi-
ble convergence on the selected problem instances. To ensure comparability
restarting mechanisms and stopping criteria based on the divergence of iter-
ates were foregone. Updates for @ were conducted via Newton’s method.

ABPG-g specified in [6, Algorithm 3] to (1) is used with parameters: p = 1.2,
v =2 and Guin = 1079 . Restarting, stopping criteria and updating 0 was
handled analogously to ABPG-e.

RG is a SMART iteration with Armijo line search for choosing the step size
7} via the retraction in (29) to iterate according to (37). The line search
parameters are o = 0.5, f = 0.8, a = 5.0.

PD is the Chambolle-Pock primal dual algorithm [17, Algorithm 1] for solv-
ing convex composite structured optimization problems of the form f(z) =
g(z) + h(Az). For h(y) := KL(y,b) with y = Az and g = (0 we obtain

ahtl = gk TATY (primal-step) (39)

u* PR R
yF = log ((‘ +oAQe e )) , (dual-step) (40)

1+ab

Chambolle-Pock 2015:

1
2" = argmin { (Az, y") + g(x) + —D,, (a:, :c(r>)
T

x

s T_ . 1 .
y" Y = argmin (A (y) — (42207 — 2), ) + ~ Dy (y,4")
Yy

with p(x) = (x,logz) — (1,x) and ¢*(y) = (1, €Y)
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COmpariSOH Technische '

CT: parallel beam geometry and equidistant angles in the range [0, 7].
Undersampling rate was chosen to be 20
Setting without noise and with Poisson noise of SNR = 20 db.
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M. Kahl, S. Petra , Ch. Scnorr, G. Steidl , M. Zisler: On the remarkable efficiency of SMART, 2023
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Function Name f(x) dom f D¢(x,y)
Squared Norm %12 (—o0, 0) %( x—y)?
Shannon Entropy rlog x 0, 00) rlog & — x4y

Bit Entropy

Burg Entropy
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SMART solely performs the multiplicative update specified in (2) with its step-
size fixed to 7, = 7, where again f is L-smooth relative to ¢.
FSMART is based on the iteration suggested in [2], where initially 6, = 1

VOl 4402 —0;

is chosen, which is then subsequently updated via 05,1 = 5 -, a8
suggested in |5].

ABPG-e as described in |6, Algorithm 2| was applied to (1) with parameters
Ymin = 1, Y0 = 5 and d = 0.05. The choices for vy and 0 deviate slightly
from the recommendation in [6], but were chosen to facilitate fastest possi-
ble convergence on the selected problem instances. To ensure comparability
restarting mechanisms and stopping criteria based on the divergence ol iter-
ates were foregone. Updates for € were conducted via Newton’s method.

ABPG-g specified in [6, Algorithm 3] to (1) is used with parameters: p = 1.2,
v = 2 and G, = 1077 . Restarting, stopping criteria and updating 0 was
handled analogously to ABPG-e.

RG is a SMART iteration with Armijo line search for choosing the step size
7 via the retraction in (29) to iterate according to (37). The line search
parameters are o = 0.5, # = 0.8, o = 5.0.

PD is the Chambolle-Pock primal dual algorithm [17, Algorithm 1] for solv-
ing convex composite structured optimization problems of the form f(x) =
g(x) + h(Az). For h(y) := KL(y,b) with y = Az and g = 0 we obtain

ghtl — ghe ATV (primal-step) (39)

eV 4 g A(2zk ! — k)
1+ ob

Y"1 = log , (dual-step) (40)
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