
Course: PGMO and M2 Optimization
February 7. & 9. February 2023, École Polytechnique, Paris
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Outline
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1. Basic Notation: Spaces of Measures

� X = Rd or X ⊂ Rd compact subset of Rd
(General: Polish space = separable, completely metrizable topol. space)

� B(X) Borel σ-algebra on X: smallest σ-algebra which contains all open sets
= σ-algebra generated by the open sets
(Remember: σ-algebra Σ: X ∈ Σ, A ∈ Σ⇒ Ā ∈ Σ, Ak ∈ Σ⇒

⋃
k∈NAk ∈ Σ)

� µ : B(X)→ R is a finite, signed measure on B(X) (Borel measure)
i.e. for pairwise disjoint sets Ak ∈ B(X), k ∈ N ,

µ
( ⋃
k∈N

Ak

)
=
∑
k∈N

µ(Ak) σ − additivity

� M(X) linear space of Borel measures
(General: for Radon measures (fulfill inner/outer regularity condition); coincide with Borel

measures on Polish spaces, in particular Rd)

� M(X) is a Banach space with total variation norm

‖µ‖TV := |µ|(X), where

|µ|(A) := sup
A=

⋃
Ak,Ai∩Aj=∅

n∑
k=1

|µ(Ak)|
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1. Basic Notation: Spaces of Measures

� pre-dual space of M(X) is C0(X), i.e. C0(X)′ =M(X)

� weak-* convergence of measures µn ⇀ µ if∫
X

ϕ(x) dµn(x)→
∫
X

ϕ(x) dµ(x) for all ϕ ∈ C0(X).

�

‖µ‖TV = sup
‖ϕ‖∞≤1

|〈ϕ, µ〉|

with dual pairing

〈x, µ〉 :=

∫
X

ϕ(x) dµ(x)

Further, let

� M+(X) subset of non-negative measures on X

� P(X) subset of probability measures on X,
i.e. µ ∈M+(X) and µ(X) = 1
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Remark on Convergence of Measures

Let X locally compact Polish space (separable, complete metric space) and rba(X) space of

finitely additive set functions

� Cc(X)′ ∼=M(X) with Tµ(ϕ) = 〈µ, ϕ〉 :=
∫
X
ϕdµ for all ϕ ∈ Cc(X).

� C0(X)′ ∼=M(X) with Tµ(ϕ) = 〈µ, ϕ〉 :=
∫
X
ϕdµ for all ϕ ∈ C0(X).

� Cb(X)′ ∼= rba(X)

Note that C0(X) ⊂ Cb(X), but Cb(X)′ ∼= rba(X) 6⊆ M(X) ∼= C0(X)′

� (µn)n∈N ⊂M(X) bounded Then

µn
∗−⇀ µ in Cc(X)

′
if and only if µn

∗−⇀ µ in C0(X)
′
.

Counterexample: µn = nδn test against ϕ(x) = sin(x)/x ∈ C0(R)

� (µn)n∈N ⊂M(X) be bounded and tight, then

µn
∗−⇀ µ in Cc(X)

′
if and only if µn

∗−⇀ µ in Cb(X)
′
.

Counterexample: µn = δn test against ϕ(x) = sin(x) ∈ Cb(R)

(µn)n is tight if for all ε > 0, there exists a compact set K ⊂ X such that |µn|(X \K) < ε

for all n ∈ N.

Theorem (Prokhorov) Let (µn)n∈N be a tight sequence of probability measures. Then there

exists a subsequence (µnk)k∈N which converges weakly to a probability measure µ.

Ref: Plonka, Potts, Steidl, Tasche, Numerical Fourier Analysis, Springer 2023,

Chapter: Fourier Analysis of Measures
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Examples

1. Atomic measures (empirical measures if same weights)

µ =

m∑
i=1

µiδxi, δx(A) :=

ß
1 if x ∈ A,
0 otherwise

If µ ∈ P(X), then
∑m
i=1 µi = 1 and µi > 0, i = 1, . . . ,m. Then

‖µ‖TV = |µ1|+ . . .+ |µm|

2. Absolutely continuous measures µ ∈M(X) with density ϕ ∈ L1(X)

µ(A) =

∫
A

ϕ(x) dx

(Remember: µ� λ with Lebesgue measure λ, if λ(A) = 0 ⇒ µ(A) = 0 ∀A ∈ B(X) )

Then

‖µ‖TV =

∫
X

|ϕ(x)| dx

TV-norm is not a good measure for our purposes.
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2. Monge Problem (1781)

Given µ ∈ P(X), ν ∈ P(Y )
Find an optimal transport map T̂ : X → Y such that

T̂ ∈ argmin
Tmeasurable

∫
X

c (x, T (x)) dµ(x) subject to ν = T#µ

with the push forward measure

T#µ := µ ◦ T−1

Note that ∫
T−1(A)

h(T (x))dµ(x) =

∫
A

h(y)d (T#µ)︸ ︷︷ ︸
ν

(y)

and in case of existing densities and a diffeomorphism T :

pT#µ(y) = pµ
(
T−1(y)

) ∣∣det∇T−1(y)
∣∣

Example: law of random variables, , sliced OT, measures on curves
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Discrete Monge Problem

Given

µ =
m∑
i=1

µiδxi, ν =
n∑
j=1

νjδyj

Find an optimal transport map T̂ : {x1, . . . , xm} → {y1, . . . , yn} such that

T̂ ∈ argmin
T

N∑
i=1

c(xi, T (xi))µi s.t. νj =
∑

T (xi)=yj

µi
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Kantorovich Problem (1942)

Given µ ∈ P(X), ν ∈ P(Y )
Find an optimal transport plan π̂ ∈ P(X × Y ) with given marginals µ and ν

π̂ ∈ argmin
π∈Π(µ,ν)

∫
X×X

c(x, y)dπ(x, y)

OT(µ, ν) = min
π∈Π(µ,ν)

∫
X×X

c(x, y)dπ(x, y)

where

� Π(µ, ν) := {π ∈ P(X ×X) : (P1)#π = µ, (P2)#π = µ

� P1(x1, x2) = x1, P2(x1, x2) = x2

: Book Peyré/Cuturi: Computational optimal transport

� Existence of a minimizer is ensured if c is lsc and bounded from below
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Discrete Kantorovich Problem

Given

µ =
m∑
i=1

µiδxi, ν =
n∑
j=1

νjδyj

Find an optimal transport plan π̂ =
∑m,n

i,j=1 π̂ijδxi,yj , i.e. (πij)i,j ∈ Rm,n≥0 ,

π̂ ∈ argmin
π

m∑
i=1

n∑
j=1

c(xi, yj)πij

subject to πij ≥ 0

m∑
i=1

πij = νj, j = 1, . . . , n,

n∑
j=1

πij = µi, i = 1, . . . ,m

Shorter notation:

π̂ ∈ argmin
π
〈c, π〉 subject to π1n = µ, π

T
1m = ν, π ≥ 0

P1π = µ, P2π = ν, π ≥ 0

(1n ⊗ Im)π = µ, (In ⊗ 1m)π = ν, π ≥ 0
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Examples
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Brenier’s Theorem

Theorem Let µ, ν ∈ P2(X), where µ� λ and c(x, y) = ‖x− y‖2. Then

� Kantorovich problem has a unique solution π̂

� π̂ = (I, T̂ )#µ, where T̂ ∈ L2
µ(X,X) is the optimal transport map

� If ν has bounded support, then

T̂ (x) = x−∇ϕ(x) = ∇ψ(x) for µ− a.e. x,

for some lower semi-continuous, convex, differentiable µ-a.e function ψ.

� Conversely, if ψ is lower semi-continuous, convex and differentiable µ-a.e.
with |∇ψ| ∈ L2

µ(X,X), then
T = ∇ψ

is the optimal transport map from µ to ν = T#µ ∈ P2(X).
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Wasserstein Spaces

For p ∈ [1,∞), the space of measures with finite p-th moment is defined by

Pp(X ) :=

ß
µ ∈ P(Rd) :

∫
Rd
‖x‖pdµ(x) <∞

™
.

For µ, ν ∈ Pp(Rd), the Wasserstein p-distance is given by

W
p
p (µ, ν) := inf

π∈Π(µ,ν)

∫
Rd×Rd

‖x− y‖pdπ(x, y),

which actually defines a metric.

The metric space (Pp(X ),Wp) is called the p-th Wasserstein space.

Convergence of (µn)n, µn ∈ P2(Rd): W2(µn, µ)→ 0 as n→∞ if and only if we have

weak/narrow convergence

µn
∗−⇀ µ in Cb(X)

′

and ∫
Rd
‖x‖2

dµn(x) →
∫
Rd
‖x‖2

dµ(x) as n→∞

Example: µ1 ∼ N (m1,Σ1), µ2 ∼ N (m2,Σ2) and Σ1,2 :=

Å
Σ

1
2
2 Σ1Σ

1
2
2

ã1
2

Then

W
2
2 (µ1, µ2) = ‖m1 −m2‖2

+ tr(Σ1 − 2Σ1,2 + Σ2)
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Discrete OT and its Dual
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OT and its Dual

Primal OT:

OT(µ, ν) := min
π∈Π(µ,ν)

∫
X2
cdπ,

Dual OT:

OT(µ, ν) = max
(ϕ,ψ)∈C(X)2

ϕ(x)+ψ(y)≤c(x,y)

∫
X

ϕdµ+

∫
X

ψ dν.

(ϕ̂, ψ̂) = (ϕ̂, ϕ̂c) with c-transformed function

ϕ
c
(y) = min

x∈X

{
c(x, y)− ϕ(x)

}
.

Example: Set X := [0, 1], c(x, y) = |x− y|, µ = δ0/2 + δ1/2, ν = δ0.1/2 + δ0.9/2.

Then, OT(µ, ν) = 0.1 with unique optimal transport plan π̂ = 1
2δ0,0.1 + 1

2δ1,0.9.

Optimal dual potentials

ϕ̂1(x) =


0.1− x for x ∈ [0, 0.1],

x− 0.9 for x ∈ [0.9, 1],

0 else,

and ϕ̂2(x) =


0.2− x for x ∈ [0, 0.2],

x− 0.9 for x ∈ [0.9, 1],

0 else.

Clearly, these potentials do not differ only by a constant.
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Regularized Optimal Transport

Primal Problem:

OTε = min
π∈Π(µ,ν)

∫
X×X

c(x, y)dπ(x, y) + εKL(π, µ⊗ ν)

Discrete setting:

OTε = min
π∈Π(µ,ν)

〈c, π〉+ ε
(∑
i,j

πi,j log πi,j − πi,j log(µiνj)− πi,j
)

= ε min
π∈Π(µ,ν)

∑
i,j

πi,j log πi,j − πi,j log(µiνje
−c/ε)− πi,j

= ε min
π∈Π(µ,ν)

KL(π,diag(µ) e−c/ε diag(ν)︸ ︷︷ ︸
K

)

Lagrangian:

min
π

max
ϕ,ψ

KL(π,K) + 〈P1π − µ, ϕ〉+ 〈P2π − ν, ψ〉

Dual Problem:
min
φ,ψ
〈K, e−P

T
1 ϕ−P

T
2 ψ〉+ 〈µ, ϕ〉+ 〈ν, ψ〉
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Regularized Optimal Transport

Alternating minimization: Sinkhorn algorithm with u := e−ϕ, v := e−ψ

∇ϕ = 0 : diag(e−ϕ)K diag(e−ψ
(r−1)

)1 = µ → u(r) =
µ

Kv(r−1)

∇ψ = 0 :
(
diag(e−ϕ

(r)
)K diag(e−ψ)

)T
1 = ν → v(r) =

ν

KTu(r)

Relation to π: (set gradient of Lagrangian wrt π to 0)

0 = log π − logK + P T
1ϕ+ P T

2ψ ⇐⇒ π = diag(u)K diag(v)

We can also consider the Sinkhorn algorithm wrt π:

π(0) := K,

for r = 0, 1, . . .

π(2r+1) := diag
( µ

π(2r)1

)
π(2r)

π(2r+2) := π(2r+1)diag

Å
ν

(π(2r+1))T1

ã
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Convergence of Sinkhorn Algorithm

Linear convergence: in Rd>0,∗ , x ∼ y if x = αy for some α > 0

dH(u(r+1), u∗) ≤ λ(K)2dH(u(r), u∗)

with

λ(K) := sup

ß
dH(Kx,Ky)

dH(x, y)
: x 6∼ y

™
and the Hilbert norm

dH(x, y) := ‖ log x− log y‖V ,
‖x‖V := max

i
xi −min

i
xi
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Is there a relation to proximal algorithms?

� Mirror Descent Algorithm = linearized proximal algorithm with a general
f -divergence instead of the special squared norm

� SMART

� BI-SMART
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Bregman Distances

Let f : Rd → R ∪ {+∞} convex lsc and domf ∩ (0,+∞) 6= ∅ with nonempty

subdifferential ∂f

Bregman distance:

Df(x, y) = {f(x)− f(y) + 〈p, x− y〉 : p ∈ ∂f(y)}

Examples:

1. f(x) = 1
2‖x‖

2

Df(x, y) =
1

2
‖x‖2 −

1

2
‖y‖2 − 〈y, x− y〉 =

1

2
‖x− y‖2

2. f(x) = x log x

Df(x, y) = x log x−y log y−〈log y+1, x−y〉 = x log x−x log y−x+y = KL(x, y)
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Properties of Bregman Distances

Properties:

� Df(x, y) ≥ 0

� Df(x, y) = 0 iff x = y in case f is strictly convex.

� In general not symmetric and does not fulfill a triangular inequality

� Jointly convex, lsc.

� If f is strictly convex, Df is strictly convex in the first argument.

� If expressions exist

∇xDf(x, y) = ∇f(x)−∇f(y)
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Is there a relation to proximal algorithms?

� Mirror Descent Algorithm = linearized proximal algorithm with a general
f -divergence instead of the special squared norm

� SMART (simultaneous multiplicative algebraic reconstruction technique)

� BI-SMART (block iterative SMART)
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Comparison

Chambolle-Pock 2015:

x(r+1) = argmin
x

{
〈Ax, yn〉+ g(x) +

1

τ
Dϕ

Ä
x, x(r)

ä}
y(r+1) = argmin

y

{
h∗(y)− 〈A(2x(r−1) − x(r)), y〉+

1

σ
Dϕ∗
Ä
y, y(r)

ä}
with ϕ(x) = 〈x, log x〉 − 〈1, x〉 and ϕ∗(y) = 〈1, ey〉
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Comparison

CT: parallel beam geometry and equidistant angles in the range [0, π].

Undersampling rate was chosen to be 20

Setting without noise and with Poisson noise of SNR = 20 db.

M. Kahl, S. Petra , Ch. Scnörr, G. Steidl , M. Zisler: On the remarkable efficiency of SMART, 2023
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