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Folding plane quadrilaterals

Start with a plane quadrilateral A1A2A3A4 with generic side
lengths.
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Folding plane quadrilaterals

Start with a plane quadrilateral A1A2A3A4 with generic side
lengths. Take the symmetric of A1 w.r.t pA2A4q. And iterate.



Folding plane quadrilaterals
To analyse this dynamics it is natural to consider the map obtained
after 4 iterations (cyclic folding map)

φ : q1 “ A1A2A3A4 ÞÝÑ q2 “ A5A6A7A8

The dynamics of this map was (almost) completely described by
Benoist and Hulin (2004).

Observation

φ preserves side lengths, so it induces a self-map on

Quadpℓ1, ℓ2, ℓ3, ℓ4q “
␣

pAi q P pR2q4, dpAi ,Ai`1q “ ℓi
(

.

A first step of the study of this iteration is to study the shape of
the successive quadrilaterals without taking care of their location
in the plane, so we introduce the induced maps

9φ : Quadpℓ1, ℓ2, ℓ3, ℓ4q{translations ý

:φ : Quadpℓ1, ℓ2, ℓ3, ℓ4q{Isom`pR2q ý .
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Folding plane quadrilaterals

Put

Quad0pℓ1, ℓ2, ℓ3, ℓ4q “ Quadpℓ1, ℓ2, ℓ3, ℓ4q{Isom`pR2q.

and note that

Quad0pℓ1, ℓ2, ℓ3, ℓ4q » quadrilaterals with A1 “ p0, 0q and A2 “ pℓ1, 0q.

Consider the map ψ : A1A2A3A4 ÞÑ A1A2A
1
3A

1
4 on Quad0 obtained

by folding along two successive diagonals (composition of two
involutions). Actually :φ “ ψ2.
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Folding plane quadrilaterals

Recall ψ : Quad0pℓ1, ℓ2, ℓ3, ℓ4q ý. What is this space?

Fact: it is 1-dimensional.

More delicate fact: It can have one or two components.
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Fact: it is 1-dimensional.

More delicate fact: It can have one or two components.

: not possible by continuous deformation.



Folding plane quadrilaterals

Recall ψ : Quad0pℓ1, ℓ2, ℓ3, ℓ4q ý. What is this space?
Fact: it is 1-dimensional.

More delicate fact: It can have one or two components.
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Darboux’s paper



Darboux alternative

Theorem (Darboux 1879)

If ℓ1 ˘ ℓ2 ˘ ℓ3 ˘ ℓ4 ‰ 0,
Quad0pℓ1, ℓ2, ℓ3, ℓ4q is a real elliptic curve.

So Quad0 admits an abelian group structure
isomorphic to R{Z or R{Z ˆ Z{2Z.

The involutions induced by the reflexions
and ψ are algebraic automorphisms so they
respect the group structure.
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Darboux alternative

Consequence: ψ is a translation.

The dynamics of a translation on R{Z or R{Zˆ

Z{2Z is easy to describe: it is either periodic or
all its orbits are dense (possibly on one compo-
nent of the curve).

So we get:

Darboux alternative

Fix ℓi s.t. ℓ1 ˘ ℓ2 ˘ ℓ3 ˘ ℓ4 ‰ 0.
If for some q0 P Quad0pℓ1, ℓ2, ℓ3, ℓ4q, ψnpq0q

is periodic, then ψnpqq is periodic for all q.
Otherwise ψnpqq is dense for all q P Quad0

This completely describes the dynamics of ψ.
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Folding plane pentagons

§ Given pℓi q
5
i“1 such that

ř

˘ℓi ‰ 0 we now define:

Pentpℓ1, ℓ2, ℓ3, ℓ4, ℓ5q “
␣

pAi q P pR2q5, dpAi ,Ai`1q “ ℓi
(

and Pent0pℓ1, ℓ2, ℓ3, ℓ4, ℓ5q “ Pentpℓ1, ℓ2, ℓ3, ℓ4, ℓ5q{Isom`pR2q.

§ We have several involutions σij folding the pentagon along
one of its diagonals.

Problem

Describe the dynamics of the group generated by these involutions.
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Folding plane pentagons

§ X “ Pent0pℓi q is now a real algebraic surface. (e.g. it is
defined by equations like }A1 ´ A2}

2
“ ℓ21, etc.)

§ The involutions σij are algebraic (birational) mappings on X .

§ Imitating Darboux’ calculations show that X embeds as a
smooth quartic surface in P3, so it is a K3 surface.

§ As a consequence the σij are algebraic diffeomorphisms
(automorphisms) on X and preserve a smooth volume form.
(This follows from the K3 structure)
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Conclusion of first part

This will be the general dynamical setting of this talk: the
dynamical study of a group Γ of algebraic diffeomorphisms of a real
or complex projective surface X , preserving a smooth volume form.

Basic problem

Describe the dynamics of Γ on X .

We will approach this problem by using tools from random
dynamics, ergodic theory and holomorphic dynamics.



Outline

What do we want to know?

§ Classification of orbit closures Γ ¨ x for x P X .

§ Description of finite orbits:

PerpΓq “ tx P X , Γ ¨ x is finiteu “Γ-periodic points”.

§ Asymptotic distribution of orbits.
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Outline

What do we want to know?

§ Classification of orbit closures Γ ¨ x for x P X .

§ Description of finite orbits:

PerpΓq “ tx P X , Γ ¨ x is finiteu “Γ-periodic points”.

§ Asymptotic distribution of orbits.

Probabilistic approach:

Introduce a random walk ω “ pωnq on Γ and study the asymptotic
behavior of pωn ¨ xq for generic ω and x .



Random dynamical systems

§ Setting of (iid) random dynamics is the following: let X be some
(say) compact metric space and ν be a probability measure on
CpX ,X q. Consider a iid sequence of mappings pfnqně0 with
distribution ν.

§ The general purpose of random dynamics is to describe the
sample paths

fn ˝ ¨ ¨ ¨ ˝ f0pxq for x P X and pfnq P SupppνqN.

(= trajectories of the random walk induced by ν on X ).
We will consider this problem from the point of view of ergodic
theory.
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Random dynamical systems

§ In this talk we consider smooth, invertible RDS so X will always
be a compact manifold and ν be a probability measure on DiffpX q

(except for one example).

§ For simplicity we will assume that ν has finite support. We could
more generally assume a moment condition like

ż

`

log }f }C2 ` log
›

›f ´1
›

›

C2

˘

dνpf q ă 8

§ An important idea is that many properties of the RDS pX , νq

often only depend on those of the closed group generated by
Supppνq:

Γν “ xSupppνqy ď DiffpX q.
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Invariant and stationary (probability) measures

§ µ P ProbapXq is ν-invariant if for every f P Supppνq, f˚µ “ µ.

Let Γν “ xSupppνqy. If µ is ν-invariant then it is Γν-invariant.

§ µ P ProbapXq is ν-stationary if

ż

f˚µ dνpf q “ µ.

Fact

Stationary measures always exist. Invariant measures are more
rigid and typically don’t.
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Invariant and stationary (probability) measures
§ µ P ProbapXq is ν-invariant if for every f P Supppνq, f˚µ “ µ.

Let Γν “ xSupppνqy. If µ is ν-invariant then it is Γν-invariant.

§ µ P ProbapXq is ν-stationary if

ż

f˚µ dνpf q “ µ.

Fact

Stationary measures always exist. Invariant measures are more
rigid and typically don’t.

Typical obstruction: contraction property.



Random orbits and stationary measures

§ For every x P X , every cluster value of

νpnq ˚ δx :“

ż

δfn˝¨¨¨˝f1pxqdνpf1q ¨ ¨ ¨ dνpfnq

is a stationary measure.

Breiman law of large numbers (1960)

For every x P X , for νN-a.e. pfnq, every cluster value of

1

n

n´1
ÿ

k“0

δfn¨¨¨f1pxq

is a stationary measure.

So the asymptotic distribution of sample paths is described by
stationary measures (and so are orbit closures)
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Random orbits and stationary measures

General philosophy

understanding stationary measures ñ understanding random
orbits.
(not completely correct)



ˆ2 ˆ 3 on the circle (Furstenberg 1966)

Example 1:

View the circle as T “ R{Z. Consider f2, f3 : T Ñ T defined by

f2 : x ÞÑ 2x mod.1 and f3 : x ÞÑ 3x mod.1

(equivalently fdpzq “ zd on S1 Ă C).

§ For every x P T, Orbitpxq “
␣

2k3ℓx , k ě 0, ℓ ě 0
(

. If x P Q{Z
then its orbit is finite.

Theorem (Furstenberg)

If x is irrational, its orbit is dense in T.
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Example 1: ˆ2 ˆ 3 on the circle (Furstenberg 1966)

§ Since f2f3 “ f3f2 every stationary measure is invariant (Choquet
Deny theorem). So to understand the ergodic properties of this
RDS we need to classify invariant measures.

§ Finite orbits carry invariant measures, and LebT is invariant.

Conjecture (Furstenberg’s ˆ2 ˆ 3 problem)

The only diffuse invariant measure is Lebesgue.

(still open!)
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Products of 2 ˆ 2 random matrices

Example 2

View the circle as the space P1pRq of lines in R2. Let ν be a
finitely supported probability measure on SLp2,Rq. This defines a
RDS by Möbius transformations on the circle.

Theorem (Furstenberg 1963)

If Γν is a non-elementary subgroup of SLp2,Rq then there exists a
unique ν-stationary measure µ on P1pRq. Moreover µ is not
invariant.

Here non-elementary= unbounded and strongly irreducible.
Proximality (=projective contraction) implies that νN a.s., the
cluster values of pfn ¨ ¨ ¨ f1q˚µ are point masses. So clearly µ is not
invariant.

§ We see in this example that stationary measures can satisfy some
rigidity properties (cf. uniqueness).
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Linear actions on tori

Example 3

Consider the action of SLp2,Zq on T2 “ R2{Z2.

Let ν P ProbapSLp2,Zqq. This action has many invariant
measures:

§ LebT2

§ @x P Q2{Z2, its orbit SLp2,Zq ¨ x is a finite set. So there is a
ν-invariant measure on SLp2,Zq ¨ x .

Theorem (Bourgain, Furman, Lindenstrauss, Mozes (2008))

If Γν is not elementary then all ergodic invariant measures are of
this form. Furthermore every ν-stationary measure is ν-invariant.

This last property is called ν-stiffness and was conjectured by
Furstenberg (1996). (cf. also Furstenberg ˆ2 ˆ 3 problem).
The proof is difficult and based on Fourier analysis and additive
combinatorics.
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Further developments

§ Benoist and Quint later gave an ergodic theoretic proof of the
BFLM theorem, which proves stiffness for some “linear” RDS on
homogeneous spaces like SLpn,Rq{SLpn,Zq.

It also implies:

Theorem (Benoist, Quint (2011))

For every x R Q2{Z2, a.s.
1

n

n´1
ÿ

k“0

δfn¨¨¨f1pxq Ñ LebT2 .



Further developments

§ Brown and Rodriguez-Hertz built on the techniques of
Benoist-Quint and Eskin-Mirzakhani to extend this theory to some
non-linear actions by C 2 diffeos on compact surfaces.
§ More recent work by Brown, Eskin, Filip, Rodriguez-Hertz (2025)
partially extends this to higher dimension.

This implies for instance:

Theorem (Brown, Rodriguez-Hertz (2015))

Assume ν0 P ProbapSLp2,Zqq is finitely supported and Γν0 is
non-elementary. Let ν be a small perturbation of ν in Diff2

LebpT2q.
Then every ν-stationary measure on T2 is ν-invariant. Furthermore
if ν is ergodic it is either finitely supported or Lebesgue



Our setting

§ Our main results deal with actions by automorphisms (i.e.
holomorphic diffeos) on a compact complex surface X .

§ Standing assumption on X : X is projective. This means that
X is defined by polynomial equations and the automorphisms
acting on X are defined by polynomial formulas. (actually not
a true restriction). Allows to use tools from complex algebraic
geometry.

§ Standing assumption in our work: the action preserves a
totally real surface Y Ă X . Typical situation: the formulas are
defined over R and Y “ X pRq.

§ This assumption was later removed by Megan Roda (2024):
can work directly over X .

§ We also often assume that there is a smooth Γ-invariant
volume on X (resp. X pRq).
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Examples

§ Examples of such X with a large group of automorphisms are
rare and rigid: need a recipe. (AutpX q is generally discrete).
Many of them live on K3 surfaces, in which case the volume
preserving assumption is automatic.

§ An example is given by SLp2,Zq acting on R2{Z2 ãÑ C2{Zris2

(cf. BFLM).

§ Another example is given by pentagon folding!



Stiffness

Theorem (Cantat-D, 2020)

Let X be a smooth projective surface and Y Ă X a totally real
surface (Typically Y “ X pRq). Let ν be a finitely supported
probability measure on AutpX q. Assume that Y is Γν-invariant
and that every f P Γν preserves a smooth volume form on Y .

Then every ergodic ν-stationary measure on Y is:

§ either supported on a Γν-invariant curve;

§ or Γν-invariant.

In particular if there is no Γν-invariant curve then then ν-stiffness
holds.



Stiffness

Theorem (Roda, 2024)

Let X be a smooth projective surface ////and/////////Y Ă X///a////////totally/////real
////////surface/////////////(Typically////////////////Y “ X pRq). Let ν be a finitely supported
probability measure on AutpX q. Assume that ///Y //is////////////////Γν-invariant
////and//////that every f P Γν preserves a smooth volume form.

Then every ergodic ν-stationary measure on X is:

§ either supported on a Γν-invariant curve;

§ or Γν-invariant.

In particular if there is no Γν-invariant curve then then ν-stiffness
holds.



Stiffness: comments

§ If there is an invariant curve C Ă X stiffness should not be
expected because Γν |C could restrict to a Möbius action
(random product of 2 ˆ 2 matrices) on P1pRq. This is
essentially the only obstruction.

§ This contains the BFLM theorem since Y “ R2{Z2 is the
“real part” of the complex torus X “ C2{Zris2.

§ The theorem is the union of two quite different results:
elementary and non-elementary actions. Stiffness in the
elementary case follows from general arguments
(Choquet-Deny, compactness), while the non-elementary case
requires a fair amount of holomorphic dynamics and ergodic
theory.
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(random product of 2 ˆ 2 matrices) on P1pRq. This is
essentially the only obstruction.

§ This contains the BFLM theorem since Y “ R2{Z2 is the
“real part” of the complex torus X “ C2{Zris2.

§ The theorem is the union of two quite different results:
elementary and non-elementary actions. Stiffness in the
elementary case follows from general arguments
(Choquet-Deny, compactness), while the non-elementary case
requires a fair amount of holomorphic dynamics and ergodic
theory.



Classification

After the stiffness theorem what we have to do is to classify
Γν-invariant measures.

Goal: prove a rigidity statement like: “ if Γ is a non-elementary
group of automorphisms, then any ergodic Γ-invariant measure is:

§ either finitely supported,

§ or supported on a Γ-invariant curve,

§ or absolutely continuous w.r.t. volY , where Y Ă X is an
invariant totally real surface’

§ or absolutely continuous w.r.t. volX .”

This is known for linear automorphisms of T2 by BFLM. The
analogous statement on T1 is Furstenberg’s ˆ2 ˆ 3 conjecture.
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Parabolic automorphisms

A parabolic automorphism of X is an au-
tomorphism preserving a fibration by elliptic
curves, and acting as a translation along the
fibers.
It is an example of integrable system.



Parabolic automorphisms

An example is given by folding along 2 successive diagonals in a
pentagon, f “ σ25 ˝ σ14 since it preserves the quadrilateral
obtained by forgetting the vertex A2.
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Classification of invariant measures

Theorem (Cantat-D, 2022)

Let X be a smooth projective surface and Γ be a non-elementary
group of automorphisms preserving Y . Assume that Γ contains a
parabolic element.
Then any ν-invariant ergodic stationary measure is:

1. either finitely supported

2. or supported on a Γν-invariant curve;

3. or absolutely continuous with respect to LebY , for some
totally real surface Y Ă X and supported in a smoothly
bounded Γ-invariant open subset Ω Ă Y .

4. or absolutely continuous with respect to LebX .

Remark

We have a classification of orbit closures along the same lines.
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Classification: pentagons

For spaces of pentagons this gives :

Corollary

The ergodic invariant measures for the pentagon folding group are

§ measures supported on finite Γ-orbits (i.e. periodic
pentagons);

§ or the natural Lebesgue measure induced by the K3 structure.

Furthermore, every infinite Γ-orbit is dense.

In addition there are only finitely many finite orbits.



Classification II: finite orbits

The last assertion follows from

Theorem (Cantat-D, 2021)

Let X be a smooth projective surface which is not a complex torus,
and Γ be a non-elementary group of automorphisms on X ,
containing parabolic transformations. If Γ has no invariant curve
then Γ admits finitely many finite orbits.

This relies on number theoretic ideas (think of finite orbits as kind
of overdetermined solutions of Diophantine equations).

§ (Elementary?) Open question: for a general pentagon, is the set
of periodic orbits empty?
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Conclusion

So did we solve our problem for pentagons?

§ We know from Breiman’s theorem that for every x P X and
a.e. pfnq the limit points of 1

n

řn
k“1 δfk ¨¨¨f1pxq are stationary

measures.

§ Stationary measures are combinations of the canonical volume
and finitely many periodic orbits.

What is this combination?

Expected theorem

If x is not Γ-periodic, a.e. sample path equidistributes towards the
invariant volume.

§ For this we need to show that periodic orbits are repelling on
average. There are many situations where we can prove this, but
not for generic pentagons.
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Bonus

§ A conjecture for probabilists!



Thank you for your attention!


