école
normale .®
supérieure universite

CENTRE paris—saclay . PARIS-SACLAY
BORELLI

The Space of Discrete Surfaces
without Intersections

Josua Sassen’, Henrik Schumacher?, Martin Rumpf3, Keenan Crane*

TENS Paris-Saclay 2TU Chemnitz

3 University of Bonn 4 Carnegie Mellon University

JOSUA SASSEN, HENRIK SCHUMACHER, MARTIN RUMPF, KEENAN CRANE.
“Repulsive Shells”. ACM Transaction on Graphics (2024).
Best Paper Award at SIGGRAPH 2024.




My Research

Shape Spaces Shape Optimization

Model Order Reduction Scientific Machine Learning

e
/ s
/ .
/
S
y . -

EERRRAR |
st RARRAR 5

Input data Grouped, sparse PGA Deformation synthesis
(offiine) (online)

e M




Shape Spaces



General Idea

Different Cost for
Different Deformations

Space of Realizations

X
OM < Topological Object



Image and Vision Computin

Contents lists available at SciVerse ScienceDirect

cations

30 (2012) 389-397

#

Image and Vision Computing

journal homepage: www elsevier.com/locate/imavis

: z . vicinne < ¥, Yot
Spaces and manifolds of shapes in computer vision: An overview ™
Laurent Younes *
Department of Applied Mathematicsand Satiste, Johns Hopkin Universe, USA
ARTICLE INFO ABSTRACT
Article history: We provide an overview of several shape space models that have been proposed in the past few years, focus-
Received 12 April 2011 ing. in particular on models involving Riemannian manifolds of shapes. The discussion is organized in three
Reecived in revised form 16 Scptember 2011 stages, starting with a review of some shape representation methods, followed by shape space structures,

Accepted 26 September 2011
Keywords:

s
Shape manifolds
Shape metrics

1. Introduction

Manifold methods naturally emerge from vision problems that in-
volve shapes, first because a single shape can often be considered as a
differential manifold (a curve, a surface, ...), but also because the
space of shapes can be represented, asa mathematical object, by various
models of finite- or infinite-dimensional spaces on which a manifold
structure can be placed. The present discussion will focus on this last
issue. Even in this limited scope, the related theory and literature
are vast enough that the ideas and references that are listed in this sur-
vey cannot claim to provide an exhaustive account of the subject. Like
with most surveys, the choices that have been made are subjective
and mostly rely on the author's view of the field and on the scope of
his knowledge.

The discussion will be organized in three parts, each corresponding
to progressive levels in the modeling and application stages. Each part
has been the subject of important research and contributions, within
and beyond computer vision. The first level is about shape representa-
tion, and is about finding a suitable mathematical and computational
description of shapes. " There is an immense literature on this subject,
but we will only mention here some of the approaches that led to spe-
cific constructions of shape spaces. These constructions will constitute

¥ Partially supported by NSF and ONR.
#* This paper has been recommended for acceptance by special issue Guest Editor
Rama Chellappa.
# 3400 N. Charles Street. Baltimore, MD, 21218, USA. Tel: + 1 410 516 5103
F-mail address: Laurent younes@jhu.edu.
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from metric spaces to manifolds, and concluding with a short description of some of the applications that
resulted from such models.

© 2011 Elsevier BV. Al rights reserved.

the second, and most theoretical part, of this discussion. In the third
part, we will describe some of the applications that directly resulted
by the theoretical developments, for the definition of algorithms that
work in shape spaces, and for the statistical analysis of shape datasets.

The next step is about defining, and structuring a shape space. This is
generally the step in which the heaviest mathematical input is required.
Starting from the representation, this construction generally includes sev-
eral important elements, like defining a structure of differential manifold,
which allows for well-posed infinitesimal calculus on shapes and assod-
ated variational formulations, or defining a (possibly Riemannian) metric
between shapes, which allows for comparison and recognition, and in-
ducing invariance by considering equivalence classes under specific
groups of transformations. The third component in our discussion is the
design of algorithms and data analysis methods that work in shape
spaces.

2. Shape representation

We do not intend, here, to provide any account of the immense
literature that have been devoted to shape representation, shape de-
scriptors, or shape signatures in computer vision. However, one cannot
disregard the fact that, when building a shape space, one necessarily
needs to start with a proper choice for such a representation.

Lel s define, to simplify, that shape to be the boundary of a two- or

object. an be more complex, like
wun complex structures, consisting of several objects, or parts, each
with different properties.) A shape representation is a function that as-
signs to a given shape a well-defined mathematical feature that will
simplify further algorithms and analysis. For example, one can describe
a shape using a finite number of points, often called landmarks. This is
probably the simplest representation from a mathematical viewpoint,
and shape spaces of landmarks are still active subjects of studies, and
are used in a large number of applications.
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Abstract

We present a novel framework to treat shapes in the setting of Rie-
mannian geometry. Shapes — triangular meshes or more generally
straight line graphs in Buclidean space ~ arc treated as points in
a shape space. We introduce useful Riemannian metrics in this
space 10 aid the user in design and modeling tasks, especially t©
explore the space of (approximately) isometric deformations of a
given shape. Much of the work relies on an efficient algorithm to
compute geodesics in shape spaces; to this end, we present a multi-
resolution framework to solve the interpolation problem — which
amounts to solving a boundary value problem — as well as the ex-
trapolation problem — an initial value problem — in shape space.
Based on these two operations, several classical concepts like paral-
lel transport and the cxponential map can be used in shape space to
solve various geometrie modeling and geometry processing tasks.
Applications include shape morphing, shape deformation, deforma-
tion transfer, and intuitive shape exploration.

Keywords: Riemannian geometry, shape space, geodesic, isomet-
ric deformation, parallel transport, shape exploration.

1 Introduction

Computing with geometric shapes lics at the core of geometric
modeling and processing. Typically a shape is viewed as a set of
points and represented according to the available data, and the in-
tended application. Geometry does not necessarily take this per-
spective: Projective geometry views hyperplanes as points in a dual

©ACM, 2007. This is the authors” version of the work. It is posted
here by permission of ACM for your personal use, and not for redis-
tribution. The definitive version will appear at SIGGRAPH 2007

space. line geometry interprets straight lines as points ona quadratic
surfuce [Berger 1987], and the various types of sphere geometrics
model spheres as points in higher dimensional space [Cecil 1992]

Other examples concern kinematie spaces and Lie groups which
are convenient for handling congruent shapes and motion design.
These examples show that it is often beneficial and insightful to
endow the sct of objects under consideration with additional struc-
ture and to work in more abstract spaces. We will show that many
geometry processing tasks can be solved by endowing the set of
closed orientable surfaces — called shapes henceforth — with a Rie-
Originally pioncered by [Kendall 1984, shape
an active topic of interest in the mathematical research
community. We focus our attention on the computational aspects
of shape spaces and point to recent work of Michor and Mumford
[2006]. which provides a theoretical background for our rescarch.

Our modeling and design paradigm is based on geodesic curves
— locally shortest curves with respect to some metric. During in-
terpolation, extrapolation (sce Figure 1), and more general shape
deformations (see Figure 10) shapes move along geodesics. Our
approach is entirely geometric. Therefore the same method can be
applied to a large class of problems with different underlying phys-
ical models, without knowing these models. Our algorithm does
not need any scgmentation of the model or external advise about
the mesh structure. Working in a Riemannian manifold gives nice
properties. For example geodesics from a shape M to each of a
set of other shapes form a tree, thus generating globally consistent
morphs. Such proerties are harder to enforce with methods that do
not consider a global space of deformations.

Related Work

To the best of our knowledge, there are only a few contributions
treating shape spaces and related topics from a computational per-
spective. Cheng at al. [1998] realized the intimate connection be-
tween shape spaces and deformations, but neither discussed the cri
ical choice of a metric, nor investigated essential geometric con-
ccpm such as geodesics. A computational approach to spaces of
was presented in [Klassen et al. 2004] but has no natural
u(lumrm 10 surfaces.

The gradient of a function on shape space depends on the met-
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Elasticity-based Metric ‘3

Elastic Shell Energy
Goal W(x,X) = Wmnembrane (X, X) + Wbending(xa X)
Membrane Energy Bending Energy
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Rayleigh’s Paradigm

cost of (small) deformation = heat lost due to internal friction

gx(u, v) = 5 dgW(x,y)|,_ (u,v)




Path Energy — Continuous & Discrete

Path Energy

Geodesics
Minimizers of the path energy are geodesics

Time-discrete Geodesics

A discrete geodesic (zo; - - -, ) is a minimizer of
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Question:

How can we augment our shape space to obtain self-
avoiding surfaces?




Intersection-Free Shape Space



Ingredient: Repulsive Energy

Definition: Repulsive Energy

A surface energy is called repulsive if it explodes (i.e. goes to infinity)

if the surface approaches self-intersection.

Tangent-Point Energy

1
d(x) = / / dx dy '
5= ), s Bz n(x) | &
L _x
with : V
R = radius of smallest sphere tangent to x and passing through y !

Repulsive fora >4

CHRIS YU, CALEB BRAKENSIEK, HENRIK SCHUMACHER, KEENAN CRANE. 2021. “Repulsive Surfaces”. ACM Transactions on Graphics 40
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Repulsive Path Energy — Continuous & Discrete

Continuous Path Energy

Ex(0) = [ guio (K K0) At + [ ey (1)

Discrete Path Energy

E(xq,....xx) = K» W(xp_1,%xx) + ((x""") — &(x"))?
k=1
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Repulsive Path Energy — Continuous & Discrete ¢

Discrete Path Energy
K

Combined Interpolation
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Discretization & Numerics

Discrete Surfaces

Triangle Mesh M = (V,E, T)

Piece-wise Affine Immersion x: M — R?

Discrete Shells Energy [Heeren et al, 2074]
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Avoiding Obstacles

Obstacle
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Simplifying Tedious Work
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Curling a Leaf

side view

side view
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Averaging
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Isometric Embeddings yperbolic Disk ‘2%
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“ It Is easier for a camel to go through the eye of a needle,
than for a rich man to enter into the kingdom of God”
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